The radius of convergence of the cluster series (expressing the equation of state) is discussed in connection with the distribution of zeros of the grand partition function on the complex z ( = activity) plane, by giving various examples of circular distribution. Anomalous phase transitions and phase transitions of third order are considered by showing some examples of circular distribution of zeros. For the ideal Fermi-Dirac gas, the distribution function of zeros, lying on the part of the negative real axis from -.iI-3 to -co [where .iI
In the present series of papers we investigate the relations between the distribution of zeros of the grand partition function on the complex z( = activity ) plane and the thermodynamic properties including the equation of state, on the basis of the function-theoretical concepts, In paper 1, 1) we discussed the fundamental relations concerning this problem; and, in particular, for the case of linear distribution, we established a theorem which connects discontinuities of the distribution function or of its derivative of some order with singularities of the thermodynamic functions. We also examined the relations between the circular distribution (with centre at the origin) and the equation of state.
In paper 11,2) on the basis of the arguments in I, we discussed some examples of circular distribution (with centre at the origin) which lead to phase transitions of first order; by these examples we showed the existence of four essential types of analytical behaviour of the functions describing phase transition. In particular, we rigorously investigated the function-theoretical structure of the equation of state by using the Riemann surface. We also treated the problems of the thermodynamic stability, the continuity or discontinuity of the slope of the P-v isotherm at the condensation point, and others, in connection with the distribution of zeros.
In the present paper, we first study the cluster series and their radius of convergence, on the basis of various examples of circular distribution, and we
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show the existence of four types of mathematical features of the cluster series ( § 2). We also treat some examples of circular distribution yielding anomalous transitions and third-order transitions ( § 3). Next we discuss the ideal FermiDirac gas ( § 4) ; for this gas the zeros are distributed on the part of the negative real axis from _/1-3 to -00 . We calculate the distribution function of zeros and investigate the function-theoretical structure of the equation of state for this gas. A resemblance between the distribution of zeros for this gas and that for Tonks' gas (having purely repulsive interparticle forces) is noted. We also deal with the two-dimensional and one-dimensional ideal Fermi-Dirac gases from the point of view of the distribution of zeros ( § 5) .
Here we summarize the essential formulas l ) to be employed in the present paper: The grand partition function EQ(z, T) for a system of interacting particles (with hard cores) in a volume Q, of activity z and at temperature T, is where M is the largest number of particles that can be contained in the volume, ZN is the configurational partition function for a system of N particles, and Zl, Z2, ••• , ZM are the zeros of Etiz ). 3) In the limit Q -'> 00, the pressure P and the density p of the system are expressed as
and the zeros are densely distributed on parts of the complex z plane in general.
Especially, in the case of linear distribution, we have
where C is the zero distribution line, z (s) is a point on C, s is the length of arc from a fixed point on C to z (s), and g (s) is the distribution function of zeros which is so defined that the number of zeros in the arc element ds at z (s) on C becomes asymptotically Qg(s )ds as Q -'> 00. It follows from the existence of the hard-core repulsion that g (s ) satisfies the normalizing condition
[see (2·2) and (2·16) of P)).
The functions W(z) and p(z) are also expressed as the cluster series:
(lzl<A),*)
where the W)[=b~O)(T)] are the limiting cluster integrals for Q->=, and, in the case of linear distribution,
In the case of distribution on the circle of radius a with centre at z =0, we let 9 (8) 
where ~(r) and ~(U) denote the sum over the Z n ( = a or -a) on the real axis and the sum over the Zn( = ae i8n ) in the upper half-plane, respectively. In the present case we have A = a in (1.7) and (1. 8), and *! A==g.l.b. miniz,i.
" "
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To express precisely the mathematical nature of singularities, the terms analytical singularity and non-analytical singularity (coined in the author's previous paper 4 » are used; the former denotes a singularity defined in the theory of functions of a complex variable (e.g., a pole, a branch point or an essential singularity), while the latter indicates any other kind of singularity.4),5)
The following symbols for the singular points on the circular zero line have been defined in II, 2) and are employed also in the present paper:
Q9--infinitely multiple zero (with Yn>O),
• --end point of the zero line,
• --discontinuity of gil (fJ),
• --discontinuity of gIll (fJ). where Type (a)-"Yes" to both (1) and (2), Type (b)-"No" to (1) and "Yes" to (2), Type (c)-"Yes" to (1) and "No" to (2), Type (d)-"No" to both (1) and (2), (1) = "the transition point is an ana~ytical singularity", (2)="gas and liquid are described by the same analytic function."
In what follows, we use the abridged notations 
whence, by (1'l3), (1·12) and (1'11),
.
whence, by (1'l3) and (1, 12) ,
In [1] , PaC{'=c/2+c(1-fL)/2, R=a/fL>a, and z=a/fL is a pole of the analytical continuation of p (z) from Izl < a to Izl > a (see Fig. 1 ). In [2J, PaC{' =c/2+c/2{1-210g(1-v)}, R=a/v>a, and z=a/v is a logarithmic branch point of the analytical continuation of p (z) from I z I < a to I z I > a (see Fig. 2 ). *) In (2'1) and (2'5) , [f(8) satisfies the conditions of the Lemma of § 4 of I. **) For the proofs of (2·2) and (2'6), use (A'9) and (A'll) of II. ***) For the proofs of (2'3), (2'4) and (2'7), use (4'5), (4'6), (4'9) and (4'10) of I. 
whence by (1·13)
6>0,
In [3] , R=a/x>a (see Fig. 3 ); in [4] , R== (see Fig. 4 ). (2· 8) .
(2·9) denotes formula (3·20) of paper II. Examples of case ~/3~ are as follows:*)
where
[type (b); see 
*) These examples are taken from II;
[type (b); see Fig. 7 ]; hence by (1·13)
hence by (1·13) [5] g (8) ={c/ (37 [-2) {c/ (37[-2)}(2-sin 8)
[type (d); see (0~8~7[/2),
(2· 21) In case ((/3l b~O»O for infinitely many I and W)<O for infinitely many I.
[For, if W)~O (or W)~O) for all I except for at most a finite number of I, then, by a theorem 7) in the theory of functions, Z = R should be the first analytical singularity of W(z) on the positive real axis, contrary to the assumption of
Each of (8) , e, ©, 0, 0, ., .A., ... makes its own contribution to W); e.g., in
where 
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~o~ If some of (8) ([~4) . 
For the proofs of (2·45),(3'2), (3'3), (3.7), (3'8) , (3'12) and (3·16), use (A·1)~(A·4), (A'6), (A'7) and (A·lO) of II.
[having 0 at 8=0,7[, ±7[/2; see Fig. 19 ], whence, by (1·12), (1·11) and (1·13),
the transition is of type (a), and the cluster series belong to case «0 ~ [in § 2]. 
(Izl>a), Pa-=Pa+=c/2, P~-=P~+=(Jr+4)C/3Jra '} P;;+-P;;_= -8c/ 3a 2 ; 
[having none of (8) , e, ©, 0, 0, ., .... , ... on the circle; see 
Hitherto we have treated the case of circular distribution of zeros. We shall now show examples of gases with distribution of zeros on a straight line. An example of such a gas is Tonks' gas,S) i.e., a one-dimensional gas of particles with hard core of diameter b and with no attraction, which obeys the equation of state
For this gas the zeros of the grand partition function are distributed densely on the part of the negative real axis from z = -(eb)-I to -= [see Refs. 9) and 10)J.
Another example is the ideal Fermi-Dirac gas; we shall now investigate the distribution of zeros of the grand partition function E(z) for this gas (of volume .Q, of activity z and at temperature T). We have
for the ideal Fermi-Dirac gas; here the Ej are the energy levels of one particle,*) and
h being Planck's constant and m the mass of a particle. 
(with EI = 0); these zeros lie on the part of the negative real axis from z = -,1-3
to -=.
If we consider a particle in a cubic box of volume Q, the energy levels become dense in the limit .Q -4 =. Hence by (4·4) the distribution of zeros for the gas becomes dense in this limit; thus we have a zero line extending from z = _,1-3 to -= on the negative real axis. When .Q -4 =, the number of energy states (of one particle) with energy value below E is asymptotically (47f/3)(2m)3/2h-3.QE3/2; hence the number of energy states with energy value between E and E + dE is given by
feE )dE=27f(2m)3/2h-3.QEI/2dE .
Putting Zj=X and Ej= E in (4·4), we have
Then the number of zeros between x and x + dx on the zero line is
Hence from (4·3), (4·5), (4·6) and (4·7) we obtain 
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This is the distribution function of zeros for the ideal Fermi-Dirac gas (see Fig.  23 ).
With the use of (1·9) and (4·9), the cluster integrals for Q--+oo are calculated:
-IZ-5/2)..3(l-I). (4.10)
Therefore, we have**) from (1.7) and (1·8) It is interesting to note the strong resemblance between the distribution of zeros for Tonks' gas and that for the ideal Fermi-Dirac gas; for both gases the zeros are densely distributed along the negative real axis from the end point
[A difference is that the distribution function g(x) of zeros for Tonks' gas becomes infinite as the end point of the zero line is approached,**) while the distribution function g (x) of zeros for the ideal Fermi-Dirac gas tends to zero as the end point of the zero line is approached. Another difference is that the distribution function g(x) of zeros for Tonks' gas (having hard cores) satisfies the normalizing condition (1·6) (with c = b-1 ), ***) while for the ideal Fermi-Dirac gas we have since the number of energy states is infinite independently of Q.] Tonks' gas has purely repulsive interparticle forces, and the ideal FermiDirac gas has apparent interparticle forces which are purely repulsive owing to *) The Riemann surface may consist of two or more or infinitely many sheets according to the nature of the branch point. Figure 24(a) shows the case of two sheets. Also. if there is another branch point on sheets other than Ro, the Riemann surface is more complicated [ef. Fig. 3 .7 of Ref. (4.14) [ef. (1'6) with c=+oo] is due· to the fact that the particles have no hard cores.
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Pauli's exclusion principle.*) Consequently, we may infer that the linear distribution of zeros from a point -a (a> 0) to -= along the negative real axis is characteristic of the repulsive interaction between particles.
In fact, for a gas obeying van der Waals' equation of state, it has been deduced 11 )-14), 17) that the zero line consists of a closed curve (for low temperatures) or an open curve (for high temperatures) and the part of the negative real axis touching it at the end and continuing to -= ; the former may arise from interparticle attractions and the latter may come from interparticle repulsions.
Of course, in Tonks' gas, the end point z = -(eb )-1 of the zero line is an analytical singularity of W(z) [and p(z) ], as shown explicitly in Ref. 10) . Therefore, the cluster series for Tonks' gas We now consider the two-dimensional ideal Fermi-Dirac gas in a square vessel of area A. When A ->=, the number of energy states (of one particle) with energy value below E is asymptotically 27rmh-2 A E; hence the number of energy states with energy value between E and E + dE is given by (5'1) In this case, in (4·2), (4·4) and (4'6), ,. 13 and ,.1-3 should be replaced by ,. 12 and ,.1-2, respectively.
In the limit A -> =, the zeros of S (z ) are densely distributed on the part -= < x ~ -A -2 of the negative real axis. The number of zeros between x and x + dx on the negative real axis is Hence, by (4·3), (4·7) and (5·1),
This is the distribution function of zeros for the two-dimensional ideal FermiDirac gas (see Fig. 25 ); note that
The cluster integrals for A -> = are, by (1· 9) and (5·3),
Therefore, we have from (1· 7) and (1· 8)
From these we obtain the equation of state
The analytical structure of this gas on the complex z plane is the same as that of the three-dimensional ideal Fermi-Dirac gas stated in § 
Next we deal with the one-dimensional ideal Fermi-Dirac gas in a vessel of length L. When L--+oo, the number of energy states (of one particle) with energy value below E is asymptotically 2(2m )1/2 h-1 LEI/2; hence the number of energy states with energy value between E and E + dE is given by (S-9)
In this case, in (4-2), (4-4) and (4-6),;13 and ,1-3 should be replaced by;1 and ;1-\ respectively. of zeros for the one·dimensional ideal Fermi·Dirac gas.
In the limit L --+ 00, the zeros of S (z ) are densely distributed on the part -00 < x ~ -,1-1 of the negative real axis. The number of zeros between x and x + dx on the negative real axis is (S'13) Therefore, we have from (1-7) and (1-8) In § 4 we have investigated the distribution of zeros for the ideal FermiDirac gas. This gas has no hard cores, and so the number of zeros is infinite even for a finite volume; therefore our argument goes beyond the scope of the fundamental theory3) based on the formula (1'1) . However, the analytical argument proceeds in a rigorous manner, and leads to the complete clarification of the function-theoretical structure of the equation of state for this gas.
In § 5 we have studied the distribution of zeros and the equation of state for the two-dimensional and one-dimensional ideal Fermi-Dirac gases.
In subsequent paper IV, we shall deal with the ideal Bose-Einstein gas.
